Abstract We compare different approaches of optimization under uncertainty in the context of pricing strategies for conspicuous consumption products in recession periods of uncertain duration and strength. We consider robust worst-case ideas and how the concepts of Value at Risk (VaR) and Conditional Value at Risk (CVaR) can be incorporated efficiently. The approaches are generic in the sense that they can be applied to other economic decision making problems with uncertainty.
face a credit crunch recession like the one that started in 2007. In these situations not only the demand is reduced, but the capital markets fail. Accordingly, firms have to self-finance their investments as they cannot borrow money from the market anymore or issue new shares.
Conspicuous consumptions products as luxury cars, designer brands, and fancy hotel rooms call for yet additional attention. The demand for those goods is not only characterized by the price, but also reputation plays an important role. Consumers tend to use expensive products to signal and increase their own reputation (Nelissen and Meijers, 2011): "Why are people so keen on wearing brand-labeled clothes and owning other luxurybranded products to pay a premium for them?
The answer appears to be to gain social status." Amaldoss and Jain (2005a,b) ; Kort et al (2006) ; Caulkins et al (2010 Caulkins et al ( , 2011 extensively analyzed the problem of pricing conspicuous goods. The firm's manager always has to balance prices between keeping the future demand at a high level by charging high prices and preventing bankruptcy as high prices reduce the depleted demand even more. This, in turn, can cause negative cash levels that are tantamount to bankruptcy in situations when no money is available at the capital markets.
In Huschto et al (2011) we extended the aforementioned results by establishing a new numerical methology based on a scenario tree formulation and the introduction of a delayed effect of the current price on the reputation. This implies that price changes have a delayed effect on the consumer's reaction as they have to get accustomed to the new situation.
While the duration of the economic crisis has been considered as a random variable by Caulkins et al (2010 Caulkins et al ( , 2011 and Huschto et al (2011) , its strength was assumed to be known. In fact, it has been deduced that one has to distinguish three major types of recession, depending on the rate of the demand reduction within the recession period: mild, intermediate, and severe crises. These are mainly characterized by the corresponding bankruptcy probabilities and require different pricing strategies and initial levels of reputation and cash.
Still, in real world scenarios one does not know the strength of the recession beforehand, often firms have to deal with this special situation while it is already apparent. Therefore, the present paper regards the strength of the crisis as a random variable as well, adressing the induced problem by various probabilistic approaches.
Thereby, we consider (robust) worst-case investigations first. Those are typically used in chemical engineering, e.g., to avoid irreversible reactions in runaway processes . Bertsimas et al (2011) gives a broad overview over current research in robust optimization, focusing on modeling ideas, some practical applications, and demarcating it from stochastic optimization approaches (Prékopa, 1995; Shapiro et al, 2009) . Furthermore, the ideas in Bertsimas et al (2011) are guided by assuming the included uncertainty to be set-based. Thus one wants to deduce solutions that are feasible for any realization of the uncertainty within this given set, which is the only reasonable alternative if there exists no distributional information about the parameter uncertainty.
But especially in economic settings decision makers do not want to target worst possible outcomes but rather more likely scenarios. Bertsimas et al (2011) characterizes these probabilistic guarantees by classifying the uncertainty sets differently, introducing a budget of uncertainty. In the same context the quantification of risk (Rockafellar, 2007) becomes necessary and the conspicuous good's manager has to base his strategies on different measures, e. g., probabilities of compliance or coherent risk measures, in order to price the product appropriately taking an acceptable risk.
To that end, we implement and compare the robust worst-case approaches with ideas of Value at Risk (VaR) and Conditional Value at Risk (CVaR). Therefore, we present adequate reformulations needed for incorporating these probabilistic constraints within the original optimal control problem. For the first time we analyze the strengths and weaknesses of all considered approaches from a numerical and economical point of view in the special context of the conspicuous consumption model. Furthermore, we quantify the differences between these approaches to optimization under uncertainty by comparing their optimal performance.
Moreover, it turns out that the price reductions that are necessary to survive a recession with uncertain strength depending on a desired confidence level are optimally conducted by decreasing prices adaptively with the actual duration of the crisis rather than choosing a fixed (reduced) price for the overall recession.
The paper is organized as follows. In Section 2 we recall the underlying model and present the emerging optimal control problem. In Sections 3 and 4 we introduce the different measures of risk treated and apply them to our application. This includes robust worst-case approaches approximated by a linearization idea (Diehl et al, 2006) and the sigmapoint approach (Recker et al, 2011) , as well as the VaR and CVaR. After discussing the advantages and disadvantages of the mentioned approaches both in the context of economics and from a numerical point of view, in Section 6 numerical results and their economic interpretations illustrate the presented ideas.
The Underlying Optimal Control Problem

Model Formulation
Our basic problem is based on an economic setting with a recession period followed by a normal economic period, compare Figure 1 . The value τ denotes the endpoint of the crisis. The dynamics of our model includes two states. The brand image A, representing the exclusiveness of the product, evolves in both periods proportional to the price p, which is the control of our problem. In the context of exclusive goods, higher prices work positively on demand. Additionally, there can be a constant control delay σ ≥ 0 in the dynamics of the reputation A, retarding the connection between changing the price p and its consequence on the development of A. The available cash B becomes crucial in situations when the capital markets cease to function. Then firms have to budget with their reserves as they cannot borrow money from or issue new shares to the market. The cash B depends on the gains p(·) · D(·) of the firm, fixed costs C, and the short-time interest δ. Therein the demand D is driven by the brand image and the pricing strategy p. It is essentially influenced by the economic stage, i.e., in the normal period (N) we have
whereas in the recession (R) demand is reduced to
The positive parameter α measures the strength of the crisis, which we assume to be constant in time. The parameter 0 < β < 1 is given and m corresponds to the potential market size. The objective of the company is to maximize the expected value of profit over the finite or infinite time horizon [0, t f ] of interest. The profit is composed of two parts: the gains of the normal economic period (τ, t f ] and an impulse dividend of the cash reserve at the end of the recession phase, B(τ ). This dividend is included as the capital market is assumed to become functional again in the normal economic period and firms can freely borrow and lend cash then. Thus, the firm does not need a positive cash level B(·) on (τ, t f ]. For a fixed τ and a given discount rate r, the objective function is calculated as
being the sum of these two components, resulting in the optimal control problem
with D R/N (A(t), p(t)) given as in (1) and B(t) negligible in the normal period (τ, t f ]. However, typically the recession length τ is not known beforehand to decision makers. An individual firm also has no influence on when the recession ends. Therefore, we assume that the length of the recession period τ is an exponentially distributed random variable. The goal changes to maximizing the expectation value of the net present value (NPV) at time τ , i.e., the objective function Φ weighted by the exponential probability density function with rate parameter λ,
subject to the constraints given in (3) for all 0 ≤ τ ≤ t f . In the following sections we regard an additional source of uncertainty. As the recession strength α is likewise unknown to decision makers beforehand, we assume it to be a random variable as well. Hence, the cash level B(·) becomes a random variable directly, making the use of a probabilistic bankruptcy constraint and an adapted objective unavoidable. We give a detailed discussion on the different modeling ideas and reformulations in the corresponding Section 3.
We confine our investigations to the non-delayed case σ = 0. Nevertheless the emerging problem is a non-standard optimal control problem in the sense that different kinds of uncertainty are present, making analytical investigations difficult. Therefore, we propose a numerical result-driven approach.
Numerical treatment
We propose to use reformulations to transfer the optimal control problem (4) into a more standard form that can be efficiently solved. By discretizing the uncertainty in the exponentially distributed recession length τ we can use a scenario tree approach to deduce a multi-stage, nonlinear optimal control problem that can be tackled by numerical methods like Bock's direct multiple shooting approach (Bock and Plitt, 1984; Leineweber, 1999; Leineweber et al, 2003) .
Following the ideas introduced in Huschto et al (2011) we obtain a multi-stage optimal control problem that depends on the number of discretized recession ends τ i , i = 1, . . . , n, with corresponding probabilities P i and appropriate objective functions Φ i , as well as transition functions f trA,i , f trB,i and equality constraints r eq,i to guarantee correct initializations of the state variables A i , B i in the resulting n recession and n normal period stages. In optimization we often have to deal with situations, where the problem is affected by external disturbances or, like in our current recession period model, by uncertainties in the parameters. These influences may cause different or even critical results when applying controls of the undisturbed problem in reality. Therefore, alternative controls have to be determined to guarantee a certain robustness against the uncertainties. Before we study important types of risk measures and their consequences for optimal control, let us consider an optimal control problem of the form
with state variables x ∈ R nx , controls u ∈ R nu , and model parameters p ∈ R np . The smooth real valued functions Φ, f, c characterize the objective (6a), state dynamics defined by the ordinary differential equation (ODE) (6b) with initial values (6c), and path constraints (6d), respectively. In the rest of this paper, the constraints c(·) are the subject of special interest, as we have to stipulate to what extent they should be satisfied if uncertainty in the parameters p is present. Naturally the objective Φ(·) can comprise a related dependency. However, on one hand we can transfer the uncertainty included in the objective to an additional constraint, leaving the resulting objective unaffected by uncertain parameters. On the other hand, we address certain formulations of the performance criterion determined by economic considerations later on.
In the following subsections we take a closer look upon (worst-case) robust optimal control approaches and the concepts of Value at Risk (VaR) and Conditional Value at Risk (CVaR). In doing so we review methods on how to incorporate the different probabilistic constraints into an underlying optimal control problem and how to obtain or approximate a solution to the emerging problem. Thereafter we apply the concepts on the economic consumption problem and focus on the strengths and weaknesses of the different approaches, both from an economic and numerical point of view.
Robust Approaches
The basic idea of a robust optimization of problem (6) is to find controls u(·) that fulfill the constraints c(·) within a whole region of confidence. Assuming that we know that the parameters are Gaussian with expectationp and covariance matrix Σ, then depending on the desired confidence level γ > 0 the constraints become
This formulation clearly includes the traditional worst-case analysis, where the goal is to eliminate all risk, but also more general uncertainty sets can be included in the optimization problem.
Linearization
An idea to approximate the robust problem with constraint (7) was proposed by Ma and Braatz (2001) ; Nagy and Braatz (2004) ; Diehl et al (2006) . If the constraint functions are monotone within the parameter set and can be approximated by a suitable Taylor expansion, one can show that up to first order we have
with the notation from before. Thus, we can reformulate the given optimal control problem by replacing the constraint (7) by the linearization (8). The remaining question is how to deal with the uncertainty within the objective Φ. The most common variants are inserting the nominal valuep, i.e.,
relying on an expectation
or using the measure already applied to the constraint. In the current approach this results in optimizing over a (possibly different) probability set depending on the characteristics of the random parameter to a confidence level γ 0 . Then we can finally reformulate the original optimal control problem as
The Sigmapoint Approach
An alternative approach to solve robust optimal control problems was proposed in Recker et al (2011) . It is based on the Unscented Transformation technique (Julier and Uhlmann, 1996; Heine et al, 2006) for propagating distributed information through given nonlinear models. This idea allows to combine a moderate computational effort of the linearized worst-case formulation with the higher accuracy of, e. g. a high-order Taylor approximation of the constraint (7). The fundamental idea of the unscented transformation is to choose modified constraintsc (x, u; p) such that satisfying these new constraints results in satisfying the original constraints c(x, u; p) for all parameters p within the critical subspace for a given probability level β, i. e.,c
Possible choices of the modified constraints are the principal axis endpoints of the constraint distribution. But in order to identify these endpoints, the mapping of the parameter distribution onto the constraints has to be known, which is often difficult. Hence, a remedy to this was presented by proposing to use socalled sigmapoints with corresponding weights and propagate these through the underlying model. If the weighted sigmapoints approximate the distribution of the parameters p one can approximate the distribution of the constraints by that means (Julier and Uhlmann, 1996) . As Julier and Uhlmann (1997) showed, this allows to match the first two moments of the constraint distribution exactly. One choice for choosing the modified constraintsc (using parameters that are normally distributed) is
with the sigmapoints (Recker et al, 2011) . Therein,p is the set of nominal parameters of dimension np and Σ i is the i-th row or column of the covariance matrix Σ.
For not normally distributed parameters the resulting approximation of the constraint distribution may be erroneous, which can cause bad approximations of the robust solutions. Still, industrial applications (Recker et al, 2011) have shown that using modified constraints
with the sigmapoints defined as in (10b)- (10d) instead of (10a) leads to reasonable approximations, even if the parameters are not normally distributed. Thus, the resulting robust optimal control problem becomes
where the objective function Z is given as in the previous section.
Value at Risk
As an alternative to robust optimization we consider chance constraints. Hence, we require the constraints c(·) ≤ 0 to be satisfied only with a given probability β.
Such a formulation is identical to the Value at Risk (VaR).
Definition 1 For a random variable X with cumulative distribution function F X and a given probability level β ∈ (0, 1) the Value at Risk of X is given by
Therein, q β denotes the β-quantile of X, which is equal to the Value at Risk. Hence, if we pass to a chance constraint for the original constraint c(·) ≤ 0, the following relation holds true.
Incorporating this into our optimal control problem (6), we obtain the safeguarding problem with VaR constraint
wherep denotes again the nominal value and β the desired probability level. Certainly, one can use the VaR formulation (with a different probability level β ) for the objective function as well rather than keeping with the nominal value or an expectation value. Similar to the previous subsection, the implementation of the VaR constraint in problem (15) requires knowing the distribution of the constraint c depending on the variable p. For constraints depending on only one uncertain parameter we obtain the following useful reformulation.
Theorem 1 If the constraint function c(·) is a smooth function of the parameter p and monotone in p, then
Proof We can easily calculate
where c −1 (·) denotes the inverse function of c(·) with respect to the independent variable p. Uryasev (2000, 2002) describe the Conditional Value at Risk (CVaR) of a random variable X with respect to a given probability level β as the expectation of X in conditional distribution of its upper β-tail. That means that CVaR, setting it apart from the traditional VaR, regards not only the occurrence of negative outcomes (or losses), but also their extent (or amount). This always yields the CVaR to be a more cautious risk measure than the VaR.
Conditional Value at Risk
Definition 2 (Acerbi (2002)) The Conditional Value at Risk of a random variable X is given as
The definition confirms the above statement directly. As a more applicationoriented version, Uryasev (2000, 2002) established Definition 3 For a random variable X we obtain the Conditional Value at Risk by the minimization formula
This term leads to an important connection to the VaR risk again (apart from the one given by (17)), i. e., (Rockafellar, 2007) VaR β (X) = left endpoint of arg min
For practical applications, another property of CVaR has shown to be important.
Theorem 2 (Rockafellar (2007) ) The Conditional Value at Risk of a random variable X ∈ L 2 depends continuously on the probability level β ∈ (0, 1) and has the limits
Proof For convenience of the reader we repeat the proof of the first statement as in Rockafellar and Uryasev (2002) . We consider the function
for a fixed realization of X. Then letting
yields the definition of the CVaR (18) for γ = (1 − β) −1 . As the functions φ ϑ are affine, the minimized function φ is concave. Further on, it is finite (compare Equations (18) and (19) and Rockafellar (2007) ), whereas φ needs to be continuous with respect to γ.
Considering the limit β → 0, the first relation of (20) can be deduced directly from
As for all ϑ > inf X we have E[max{ϑ, X}] > E[X], the minimum in the last term is attained for ϑ = inf X, giving the assertion.
For β → 1 from Equation (17) we obtain
The statement of (20) then follows from the definition of the VaR.
Remark 1 Note that for β → 1 the VaR β (X) tends to sup X as well, but it does not tend to E[X] for β → 0. To check this, consider the quantiles of the normally distributed random variable Z ∼ N (µ, σ). It holds lim β→0 q β (Z) = −∞.
Safeguarding a robust optimal control problem with CVaR constraints can be formalized analogous to the approach before. We obtain the new problem
By the minimization rule (18) these constraints can be readily implemented into the original problem, without extra care of the VaR or the distribution of the constraint function c(·) depending on the parameter. Nevertheless, the emerging CVaR constraint 0 ≥ CVaR β (c(x, u; p)) has to be fulfilled within the whole time interval [0, T ]. Thus the control parameter ϑ of (18) has to be chosen for every t ∈ [0, T ] and we obtain a control function ϑ(·) in that context. Finally, due to Theorem 2 the analysis of expectation-based and worst-case approaches can be performed in the context of CVaR as well.
Application to the Conspicuous Consumption Model
In the conspicuous consumption problem (3) we consider the recession strength α as an additional source of uncertainty. Decision makers do not know the actual magnitude of the crisis before they really have to face it. Hence they have to apply pricing strategies that are in some sense robust against the real strength in order to avoid bankruptcy of the firm. Consequently, the bankruptcy constraint B(t; α) ≥ 0 becomes probabilistic now and can be treated by the aforementioned approaches. Furthermore, one has to adapt the objective function, namely the maximization of the profit function (4), to the new situation.
A reasonable choice from an economic point of view is to reduce prices at the beginning of the crisis such that the company can cope with an average-heavy recession indicated by a certainα, i. e., using the objective function (compare (2))
Then prices can be reduced further if the crisis turns out to be more severe than expected first. The big disadvantage of that objective is that if the actual α is smaller than anticipated, the firm cannot increase profit by setting higher prices as those are not optimal for the given objective function. Hence to include the possibility of setting the highest possible price, our objective should be based on the situation where we have no recession, i. e.,
Then the reduction of prices during the recession of strength α is only depending on the probabilistic constraint B(t; α) ≥ 0 being active.
Linearization
As the linearization approach (and the sigmapoint idea) introduced in the previous section depend on normally distributed parameters, let α be a Gaussian random variable with mean valueᾱ and variance Σ. Then the original bankruptcy constraint B(t) ≥ 0 is replaced as in (9) to obtain
Thus, the constraint depends on the choices of the desired probability level γ and the variance Σ. Still, if the variance of the random parameter is not given but object of our investigation we can fix the probability level to, say, γ = 1 and consider only different values of Σ indicating a combination of both notions. The resulting problem reads (i = 1, 2)
with D R/N as in (1) and Φ i , i = 1, 2, denoting the objective function as in (22a) and (22b), respectively.
Sigmapoint approach
For α ∼ N (ᾱ, Σ), we use the sigmapoints
and the modified constraint
The emerging robust optimal control problem becomes
with the notations as introduced before.
Value at Risk
We consider the chance constraint P[B(t; α) ≥ 0] ≥ β for a given probability level β. As mentioned above, technically we have to include the distribution of the constraint B ≥ 0 depending on the uncertain recession strength α to calculate the appropriate probabilities. To overcome this difficulty, in the conspicuous consumption problem we can make use of Theorem 1.
Corollary 1 With the assumptions of the original recession model given by (3) and (4) we can deduce for a random parameter α ∈ L
Proof The dynamics of the cash state B are given bẏ
Since we are solving the optimal control problem for a price p that is robust against the (fixed) probabilistic constraint, we can assume p(·) to be independent of α. The same holds for the brand image A(·), too. From
we can obtain the variational differential equation
As the initial cash state B(0; α) is independent of the recession strength, δ > 0, and the price p is non-negative for all t, we can conclude that
Then we can apply Theorem 1 (for c(B) = −B) to obtain the result.
Hence, we obtain the optimal control problem max
for some given probability level 0 < β < 1 and the notations from before.
Conditional Value at Risk
Analogous to Section 3.3 we incorporate the Conditional Value at Risk constraint into our conspicuous consumption model. For fixed t the probabilistic constraint becomes (remembering −B(t; α) ≤ 0)
But as this constraint has to hold for all t ∈ [0, τ ], i. e., during the overall possible recession, the control parameter ϑ in the minimization rule (29) becomes a control function ϑ(t). Thus, the resulting robust optimal control problems reads
where the additional control function ϑ(·) is necessary only during the recession and becomes redundant in a normal phase.
5 Strengths and weaknesses of the robustification techniques
Coherent measures of risk and their economic impact
In Rockafellar (2007) the important questions "What is risk?" and "How can we quantify it?" have been addressed. In that context two disparate ideas appear:
The measures of deviation regard the amount of risk in a random variable as the degree of uncertainty in it, whereas the measures of the risk of loss quantify risk in terms of a surrogate for the overall costs that may occur.
The key in optimization under uncertainty thus is to quantify the risk of loss rather than the degree of uncertainty. If those quantities can be expressed by some functional R, then the next important question presses into focus: What properties have to be fulfilled such that this functional is a good quantifier of risk? Artzner et al (1999) provided an answer to these considerations by characterizing coherent measures of risk, Rockafellar (2007) extended the original idea. For this purpose they introduced axioms a risk measure should satisfy if it is "used to effectively regulate or manage risk" (Artzner et al, 1999) . In terms of this methodology, a risk associated with a coherent measure becomes acceptable if the corresponding constraints are satisfied. Otherwise the risk might be unacceptable if, e. g., the measure underestimates the consequences of failure. Still, the concept allows the original constraints to be violated. The important notion here is the extent of that violation.
The traditional approaches in optimization under uncertainty, i. e., guessing the future, worst-case analysis, and relying on expectations are basically coherent measures of risk in the sense of Artzner et al (1999) . Nevertheless, they inherit many disadvantages. Worst-case approaches take into account every possible outcome of the uncertain parameters, no matter how unlikely it may be. While this characteristic of the worst-case approaches becomes crucial in applications like safeguarding chemical processes or power plants, in economic situations it is often too conservative. In many such circumstances decision makers take into account a certain amount of risk of failure in order to achieve greater gains. In contrast to the worst-case approaches expectation-based ideas provide acceptable risks even if desirable outcomes merely compensate the undesirable ones. Hence they are often too optimistic to be applied in questions of economics. Both here proposed approaches of robust worst-case optimal control, i. e., the linearization and sigmapoint methods, allow the investigation of desired confidence levels γ if the variance Σ is known. Otherwise combinations of both notions have to be considered. Therein, the sigmapoint approach is advantageous from the economic point of view as it allows deeper economic insight in the behavior of the solution.
To overcome the general difficulties of worst-case and expectation based ideas, especially in the field of finance, the Value at Risk attracted much attention. Unfortunately, despite its broad usage, it is generally not a coherent measure of risk (Artzner et al, 1999; Rockafellar, 2007) . Speaking in terms of portfolio optimization, the VaR does not satisfy the diversification principle (Artzner et al, 1999) . Moreover, it tends towards optimistic estimations of uncertain situations as it does not provide a grasp on the seriousness of constraint violations (Rockafellar, 2007) . These properties are a severe disadvantage in risk management or in an economic situation where the firm has the possibility to borrow money at the market and the corresponding interest rates increase with the amount of needed cash. In our considered conspicuous consumption model with malfunctioning capital markets, however, the extent of violating a constraint, namely the bankruptcy constraint B ≥ 0, is less important, as the firm has to face bankruptcy in any case where B becomes negative. Thus, the negative connotation of the VaR is unjustified in our special economic case.
Based on the theoretical weaknesses of the Value at Risk the sophisticated Conditional Value at Risk has been introduced by Uryasev (2000, 2002) . As mentioned before, it provides a more cautious approach to safeguarding than the incorporation of pure chance constraints by the VaR because it rates constraint violations caused by decisions. Additionally, it has been proven under various assumptions that the CVaR describes a coherent measure of risk (Acerbi and Tasche, 2002; Rockafellar and Uryasev, 2002) , which constitutes it to be a reliable quantifier of risk. However, in our special economic situation the classification of constraint violations by using the CVaR is a subordinate issue, which can cause the resulting pricing strategies to be very risk-averse or even too conservative.
Numerical expenses
Besides the theoretical and economical aspects of using the presented robustification techniques, there are as well broad differences from the numerical point of view.
The general formulation of a robust worst-case constraint (7) leads to a semiinfinite optimal control problem that is very hard to solve numerically. Therefore an approximation of (7) by either the linearization or the sigmapoint approach is necessary. The resulting problems (9) and (12) can be efficiently solved by existing methods like, e. g., Bock's direct multiple shooting approach (Bock and Plitt, 1984) . For highly nonlinear problems that linearization idea can cause approximation errors, whereas the robustness of solutions obtained by it cannot be guaranteed. As a remedy higher order approximation schemes may become useful, compare the method proposed by Heine et al (2006) . Another possibility (Diehl et al, 2006 (Diehl et al, , 2008 is to replace the inner minimization term by its sufficient optimality condition. All of the listed ideas result in a far more difficult problem as additional equations have to be considered. Consequently, the computational effort increases considerably. Within the sigmapoint approach, however, the computational complexity is extended by additional path constraints on the state variable depending on the propagated sigmapoints (24a).
In general the Value at Risk is difficult to work with numerically, e. g., if loss distributions feature "fat tails" or jumps, compare Rockafellar and Uryasev (2002) . In our context and reasoned by the considerations in Section 4.3 we only need the distribution of α to calculate its VaR for a given confidence level β. Thus, the incorporation of the VaR constraint in the conspicuous consumption model can be done very efficiently as only one additional state variable and path constraint are needed.
By contrast, implementing the CVaR is far more complex. The minimization rule (29) induces that besides the additional control variable ϑ(·) the calculation of the expectation within the formula is needed. This can be achieved by introducing auxiliary cash state variables depending on values the random variable α attains with a corresponding probability. Thus, the computational effort increases with the number of those auxiliary variable.
To illustrate the differences in the expenses of solving the multi-stage optimal control problems resulting from the different robustification methods, Table 1 presents the overall dimensions of the Nonlinear Programs obtained by transforming those problems with Bock's direct multiple shooting approach. It discretizes the space of admissible control functions and the constraints. The ODEs of the system's dynamics are solved via decoupled integration on a multiple shooting grid. Therefore, artificial intermediate variables are introduced as starting values of the integration, continuity of the states is assured by the inclusion of matching conditions. A detailed introduction to this method is given in Bock and Plitt (1984) ; Leineweber et al (2003) . The resulting structured NLP is then solved by a specially tailored sequential quadratic programming (SQP) algorithm. Therein, the principle of internal numerical differentiation (IND) (Albersmeyer and Bock, 2008 ) is used to derive the sensitivities of the ODE solution and a condensing algorithm (Bock and Plitt, 1984; Leineweber et al, 2003) to obtain small dense quadratic programs (QP) that are solved within each SQP iteration to progress towards the NLP solution. Within Table 1 we can see that the smallest resulting problem we obtain when using the VaR approach. As more additional state variables and/or constraints are needed for both robust worst-case approaches, those problems are slightly larger, whereas the CVaR is the largest one. This is mainly caused by the second control function required to implement the constraint. These variations are reflected in the CPU time behaviour as well, compare Table 2 . While the differences in the number of state functions of the linearization/sigmapoint/VaR approach do not influence the average runtime (per SQP iteration) and its distribution among the parts of the solving procedure much, the additional control function of the CVaR approach does. The runtime of that robustification method is noticably higher, with the effort in solving the resulting QPs becoming more prominent.
Objective function Φ 1 (22a) 
Numerical results
The numerical results presented in the following are based on the parameters (compare Caulkins et al (2010 Caulkins et al ( , 2011 
and the assumptions (Huschto et al, 2011) τn = 20 (years) t f = 21 (years).
Additionally, we choose the initial reputation and cash to be ) recession for a certain time period, but which does not hold enough capital reserves to survive a continuing recession (Caulkins et al, 2011; Huschto et al, 2011) . Finally, the random variable α for the linearization and the sigmapoint approaches is characterized by its mean valuē
and varying values of variance Σ. While analyzing the VaR and CVaR, we assume that we know a certain distribution of the random variable, e. g., by historical data. Thus, we define α of these approaches through
Linearization and Sigmapoint Approaches
Both methods to approximate the robust worst-case formulation (7) depend only on the variance Σ if we fix the confidence level γ = 1, i. e., considering a combination of these two notions as we assume the exact variance of the random recession strength to be unknown. Figures 2 and 3 depict the optimal price paths in the recession period [0, τ ] of problems (L) and (S), respectively, when the objective function is E Φ 1 (τ ) and initial values A 1 0 , B 1 0 are used. We notice that both approaches yield equal optimal pricing strategies and objective values (compare Table 3 ). For very low variances the prices during the recession phase do not have to be reduced, as the objective function already includes some caution towards the realization of α and the initial cash B 0 is enough to keep the cash state positive during the complete recession even if the worst possible outcome of α based on Σ takes place. For higher variances the decision maker has to decrease prices in order to survive the recession.
Additionally, Table 3 shows how much of the overall gains is lost, if decision makers have to reduce prices according to an uncertain recession strength with meanᾱ and variance Σ. Note that the actual profit is obtained during the normal economic stage, but is strongly depending on the reputation level the firm can keep during the crisis.
In the phase diagrams of Figures 2 and 3 the implications of decreasing prices can be seen: consistent with its dynamics the firm's brand image is damaged as well. The great economic advantage of the sigmapoint approach here is that due to the additional cash state variables needed to implement the modified constraints based on the sigmapoints (especially for α 2 =ᾱ + √ Σ), we can see the actual reason of reducing prices. It is caused by the decision maker's optimal strategy to balance prices in a way that the firm operates into a "zero cash-situation" at time t = 20 (years) when the economic crisis will finally be over (due to our assumption of τn = 20). Naturally, in an ever-lasting recession the firm finally has to face bankruptcy, if its initial reputation and cash stock are not sufficiently high. However, the decision maker's optimal strategy is based on another important principle. Prices have to be kept as high as possible as long as possible in order to preserve the reputation of the product, as this will guarantee the firms success once the crisis is over. Therefore, in the beginning of the recession the optimal strategy is charging the optimal, i. e., highest possible price for the chosen objective function assuming there is no chance of a stronger crisis. Only when the recession persists longer, prices eventually have to be reduced according to the worst possible realization of α determined by the variance Σ and the firm's incentive to keep cash until τn. By this strategy the brand image remains at a high level in the first period of the recession when it is very probable that τ is reached soon. In that situation the gains of the normal economic stage are higher as if the decision maker set a constant price during the longest possible duration τn of the recession. The same behavior can often be observed at the very end of the longest possible recession: Rather than fixing the price at some constant levelp, it is more profitable reducing prices considerably at the last possible instance when this measure is successful and concurrently being able to set a (slightly) higher price p >p in the period before. The general effect can be noticed in Figures 2 and 3 but more obviously in Figure 4 , which shows the optimal price paths of problem (L) with the objective function E Φ 2 (τ ) and both sets of initial values. Clearly, it is more apparent for smaller variances. Table 3 Optimal objective values Φ * for the robust conspicuous consumption problems (L)-(C). It is shown how much is lost if we regard the different approaches with varying values of variance Σ ((L) and (S)) or β-level ((V) and (C)) in comparison with the nominal solution (i. e., Σ = 0 or β = 0). Note that the major part of this objective value is obtained during the normal economic phase depending on the performance during the recession.
We can see that both methods of robust worst-case approximation give equal results. Further on, the relation between the β-levels in (V)/(C) and the confidence levels in (L)/(S) (included indirectly in the variances) is observable, as well as the differences in the cautiousness of (V) and (C). Note that the gaps in the nominal objective values (regarding Σ = 0.0/β = 0.0) are directly caused by the formulations of the corresponding constraint.
Moreover, in Figure 4 the connection between the variance and the reduction of prices is observable more directly as the objective of the firm depends on the no-recession situation. Additionally, the right plot shows optimal prices if the firm starts with a higher initial reputation and capital stock. Then it can even cope with situations where the variance of the random recession strength is assumed to be relatively large, including the (worst possible) realization of a severe recession characterized by α = 1.25. This results because for the set of large initial values (A 2 0 , B 2 0 ) prices can be decreased further than for the set of small initial values. For the latter set, we cannot calculate solutions corresponding to large variances of α or even the worst case, as this solution is infeasible.
Value at Risk
In order to calculate the VaR of the random recession strength we use the definition (32) of α. Therefore, the mean of the random variable defined by that distribution varies a little from the valueᾱ we have used in the last two sections. Nevertheless, for reasons of comparison, we still implement the first alternative of the objective function Φ 1 withᾱ. The actual quantiles of the recession strength corresponding to a given probability level β can be obtained by linear interpolation of the distribution given in (32).
Figures 5-7 depict solutions of Problem (V). As already noticed in the previous subsection for the robust worst-case approaches, when considering the objective function Φ 1 including a pre-assumption of an intermediate recession strength, prices have to be reduced only for relatively large probability levels β. Therefore, economic challenges favor the second choice of objective function Φ 2 based on a no-recession scenario. Then the connection between the desired confidence level β and the price reductions becomes more apparent.
From comparing the optimal objective values of the VaR and the robust worstcase approaches in Table 3 , we see a certain correspondence between the probability levels β of VaR and the confidence level/variance-combination within the robust worst-case formulations, even as they are based on very different assump- tions on the random variable α. In contrast to the linearization and sigmapoint idea, the nominal solution of the VaR approach with objective function Φ 2 is obtained by the constraint P[B(t; α) ≥ 0] ≥ 0, i. e., by a constraint that considers a no recession-scenario. Thus, the corresponding objective value is higher than for the robust worst-case formulations.
Like in the sigmapoint approach, the additional state variable B(t, VaR β (α)) needed to implement the chance constraint allows for more economic insight, as we can see how the firm's cash evolves into zero when the crisis last for the worst possible duration τn. Furthermore, in the phase diagrams of Figures 6 and 7 (observe the trajectories corresponding to the probability level β = 0.4) we can see how the initial conditions impinge on a long persisting recession: While it is not possible for the firm to survive a very long (τ > 20 = τn) recession with initial conditions (A 0 , B 0 ) = (20.0, 10.0) for the corresponding recession strength (B evolves towards zero), this is the case if the initial conditions are (A 0 , B 0 ) = (40.0, 50.0) (B evolves to infinity).
In general we can observe that applying the VaR as robustification measure leads to very reasonable pricing strategies depending on the probability levels β and, therefore, the VaR of the uncertain recession strength α based on its definition (32). Due to the fact that a rating of violations of the constraint VaR β (B(t; α)) ≥ 0 plays a subordinate role in the conspicuous consumption model, the results do not suffer from the VaR not being a coherent measure of risk.
Conditional Value at Risk
Again, we use α as defined in (32), but includeᾱ in the first objective function Φ 1 . Furthermore, the expectation operator within the CVaR constraint (29) turns into a summation due to the definition of α.
The solutions to Problem (C) for both variants of the objective function and both sets of initial values can be seen in Figures 8 and 9 . The price paths behave qualitatively equal as in the aforementioned approaches, apart from that prices obtained with a CVaR constraint are more cautious than prices obtained with, e. g., a VaR constraint (compare the objective values and corresponding β-levels in Table 3 as well). It means that for a given confidence level β the corresponding prices p CVaR (·) obtained with a CVaR constraint are lower than the prices p VaR (·) obtained with one of the other approaches, e. g., the VaR. Compare, for instance, the first plots in Figures 7 and 9 .
Moreover, in Table 3 it can be noted that the nominal value of the CVaR approach is based on the CVaR constraint corresponding to the expectation value E[B(t; α)], compare Theorem 2. This is again different from the robust methods and the VaR, where the nominal solution is based on a constraint withᾱ and α = 0, respectively, compare Remark 1. The cautiousness of this method is reflected in the optimal objective values of corresponding β-levels as well.
With linearized robustification, sigmapoints, and the VaR we obtain a cash state B that corresponds directly to the robustified constraint. Hence, we can analyze the behavior of the constraint in a phase diagram of reputation A and cash B. In the CVaR approach this is not the case, as the constraint is realized via the minimization rule (29). Therefore, in both Figures 8 and 9 we depict cash state trajectories during the recession phase [0, τn] for a specific realization of the random variable α, i. e., α = 0.9 which occurs with a probability of 15 percent. One notices (e. g., from Figure8) that the cash state B(t, α = 0.9) corresponding to a recession with strength α = 0.9 can drop below zero and still the desired confidence level (of, e. g., β = 0.45) is reached. If the confidence level is increased, then in order to fulfill this level prices have to be adjusted in a way such that eventually the cash state for α = 0.9 remains positive for all possible durations of the recession and only the cash states corresponding to the severe recession may become negative. Furthermore, caused by the classification of constraint violations in the CVaR approach due to the minimization formula (29), the approach tends to be a bit too conservative in the context of the conspicuous consumption problem. Hence, the CVaR is a very risk-averse version of safeguarding.
Summary and outlook
In the context of the considered conspicuous consumption model with uncertain recession strength we implemented and compared different esteemed approaches of optimization under uncertainties to the special case of optimal control in economics. Based on the desired confidence level decision makers have to adjust prices in order to survive the recession. In general, price reductions are directly connected to how conservative the decision should be. But this reduction is optimally conducted adaptively depending on the (uncertain) duration of the recession rather than to some fixed price that holds over the complete crisis. This behavior is caused by the firm's incentive to retain a high reputation in the time when the recession will end most probably.
For obtaining these results, we discussed a linearization and the sigmapoint approach to efficiently reformulate robust worst-case optimal control problems into numerically solvable ones. While both approaches lead to similar computationally complex problems, the economic insight provided by the sigmapoint approach is very beneficial. However, as often in the context of worst-case optimization, both approaches may lead to infeasible solutions. In our consumption problem this is the case if we consider sets of low initial reputation and cash and large variances in the uncertain recession strength.
While worst-case approximations are often too conservative to apply in economic situations, the ideas of Value at Risk and Conditional Value at Risk offer economic decision makers the opportunity to balance their decisions in a way that they can risk negative outcomes (bankruptcy) for the sake of profit-making. We included both concepts into the optimal control problem by using special reformulations of the constraints (VaR) or the original definitions (CVaR). Thereby, the VaR approach can be implemented with a complexity that is slightly lower than for the robust worst-case approaches, while the CVaR is computationally expensive.
In the context of coherent measures of risk, the VaR is often estimated negatively, because it is no such measure, while the CVaR is, as it classifies the strength of negative outcomes. However, in the conspicuous consumption model this principle is less significant as in other, i. e., financial applications: If the firm runs out of cash and has no possibility to lend money at the market, it has to face bankruptcy no matter how much the constraint B ≥ 0 is violated. Hence, the VaR approach leads to reliable pricing strategies here. The CVaR idea instead is a very riskaverse version of safeguarding in that context, maybe even a bit too conservative. Nevertheless, both the VaR and CVaR approaches can yield infeasible solutions as well if the initial values are too low for the desired confidence level to be fulfilled.
An interesting extension for all ideas in robust optimization is to consider timedependent uncertain parameters. Up to now, the (fixed and constant) realization of the parameter is known directly after the start, but in many applications it may change over time. In that case all states and controls become random processes which requires the development of entirely new methods in robust optimization.
